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Abstract
Electric dipole moment of the proton can be searched in an electric storage ring by measuring the spin precession rate
of the proton beam on the vertical plane. In the ideal case, the spin precession comes from the coupling between the
electric field and the electric dipole moment. In a realistic scenario, the magnetic field becomes a major systematic error
source as it couples with the magnetic dipole moment in a similar way. The beam can see the magnetic field in various
configurations which include direction, time dependence, etc. For instance, geometric phase effect is observed when the
beam sees the field at different directions and phases periodically. We have simulated the effect of the magnetic field in the
major independent scenarios and found consistent results with the analytical estimations regarding the static magnetic
field cases. We have set a limit for the magnetic field in each scenario and proposed solutions to avoid systematic errors
from magnetic fields.
1
1 Introduction
Storage ring electric dipole moment (EDM) experiments
[1, 2] aim to measure the vertical spin precession to see a
coupling between the vertical spin component and the ra-
dial electric field, which should be proportional to the par-
ticle’s EDM value. The proton EDM (pEDM) experiment
is designed to be done with two simultaneously counter-
rotating beams. The total EDM signal will be the sum of
the two.
According to the T-BMT equation [3], the spin preces-
sion rate of the particle is
~ω =
e
m
~s×
[
Gγ + 1
γ
~B − Gγ
γ + 1
~β(~β · ~B)
−
(
G+
1
γ + 1
) ~β × ~E
c
+
η
2c
(
~E − γ
γ + 1
~β(~β · ~E) + c~β × ~B
)]
,
(1)
where c, e and m are the speed of light, the electric charge
and the mass of the particle, G = g/2− 1 is the magnetic
anomaly (≈ 1.8 for proton), ~β and γ are the relativistic
velocity and the Lorentz factor correspondingly, ~B and
~E are the magnetic and electric fields respectively. η is
the EDM coefficient. In this work, it is taken as η =
1.88× 10−15, corresponding to dp = 10−29 e·cm.
As seen in the equation, the coupling between ~B and
G can contribute to the spin precession as a false EDM
signal. We studied this effect separately for the “static”
and “alternating” fields in the particle’s rest frame. Each
simulation was done with one proton particle in a contin-
uous electric ring having a specific field index m = 0.2,
whose square root gives the vertical tune. The particle
in each simulation has the so-called “magic momentum”,
which ideally freezes the average spin precession on the
horizontal plane [4, 5]. For the protons, the magic mo-
mentum is 0.7 GeV/c.
2 The EDM signal
In the absence of the magnetic and the longitudinal elec-
tric fields, the radial electric field couples with the EDM
term to precess the spin on the vertical plane:
ωR =
ηe
2mc
ERsL =
ηe
2mc
ER cos(ωat), (2)
where R and L represent the radial and longitudinal di-
rections respectively, ER is the radial electric field com-
ponent, t is time, and ωa is the on-plane component of
the spin precession rate. It can be kept small by means of
a feedback RF cavity and sextupole fields [1, 2, 4, 5, 6].
sL = cos(ωat) is a good approximation if the initial spin
is totally longitudinal and the growth rate of the vertical
spin component sV is negligible. Then, sV becomes
sV =
ηe
2mc
ER
∫ t
0
cos(ωat)dt =
ηe
2mcωa
ER sin(ωat). (3)
Figure 1 shows the Equation 3 for ωa = 0.25 cycles/s
and ER = 10 MV/m. For a small ωat, the vertical spin
component should be
sV =
ηe
2mc
ERt ≈ 3× 10−9t. (4)
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Figure 1: Vertical spin precession due to the radial elec-
tric field changes sinusoidally and gives about 3 nrad/s
precession rate in the linear region.
3 Effect of the static magnetic
fields
Disregarding the EDM term, Equation 1 around the radial
axis becomes
ωR =
e
m
[(
G+
1
γ
− Gγβ
2
γ + 1
)
BLsR+((
G+
1
γ
)
BR −
(
G+
1
γ + 1
)
βLEV
c
)
sL
]
.
(5)
The radial spin component (sR) couples with a longitudi-
nal magnetic field (BL). On the other hand, the longitudi-
nal spin component (sL) couples with the radial magnetic
field (BR) and the vertical electric field (EV ), which aver-
ages to zero if BR = 0 (because of the electrical focusing).
However, nonzero BR introduces a vertical offset and the
quadrupole component of the electric field applies vertical
force on the beam to balance it.
As seen, the beam dynamics imposes a unique effect
from each directional magnetic field. Therefore, they will
be shown separately.
3.1 Radial magnetic field
If the magnetic field is purely radial, Equation 5 simplifies
to
ωR =
esL
m
[(
G+
1
γ
)
BR −
(
G+
1
γ + 1
)
βLEV
c
]
. (6)
2
BR also moves the beam vertically by
y = −βcR0BR
ERQ2y
, (7)
where R0 is the radius of the ring and ER is the radial elec-
tric field on the particle. On the other hand, the vertical
electric field due to the weak electric focusing is
EV ≈ −ER ny
R0
, (8)
with n = m+1. Combining Equations 7 and 8, one obtains
EV ≈
ERQ
2
y
R0
βcR0BR
ERQ2y
= βcBR. (9)
Then, using the identity β2 = 1− 1/γ2 and the definition
of magic momentum
G = 1/(γ2 − 1), (10)
the parenthesis in Equation 6 simplifies to
ωR =
esL
m
(
G+
1
γ
−Gβ2 − β
2
γ + 1
)
BR
=
esL
m
GBR.
(11)
That means, the radial magnetic field coupling with G
mimics the radial electric field coupling with η/2c (See
Equation 1). Comparing these two terms one finds that
BR = 16.7 aT and ER = 10 MV/m lead to the same
vertical spin precession rate for η = 1.88×10−15 as shown
in Figure 2.
Alternatively, the same result can be obtained following
the Lorentz equation:
~Fy = e( ~EV + ~β× ~BR) = 0 −→ ~EV = −~β× ~BR. (12)
In the particle’s rest frame, the magnetic field becomes
~B′ = γ( ~BR − ~β × ~EV ) = γ
(
~BR + ~β × (~β × ~BR)
)
. (13)
Eventually for the radial field one gets
B′ = γ(1− β2)BR = BR
γ
. (14)
In the rest frame of the particle, time slows down by a
factor of γ. Then, for a longitudinally polarized beam
ωR =
eg
2m
< B′ >=
eg
2mγ2
BR. (15)
For the magic momentum, the comparison of Equations
11 and 15 yields
G =
g
2γ2
. (16)
This can also be shown with Equation 10 using the iden-
tity G = g/2− 1:
g
2γ2
=
g/2
1 + 1G
=
G+ 1
G+1
G
= G. (17)
Figure 2: Simulations with ER = 10 MV/m coupling with
the EDM and BR = 16.7 aT give the same spin precession
as estimated analytically. The wiggles in the BR case
originate from betatron oscillations. η = 1.88 × 10−15 in
the simulations.
Figure 3: The split counter-rotating beams induce a net
magnetic field on the horizontal plane. CW: Clockwise,
CCW: Counter-clockwise
BR splits the counter-rotating beams vertically accord-
ing to Equation 7. Then, the split beams induce a net
magnetic field on the horizontal plane (Figure 3). The
induced magnetic field is of the order of attoTelsa for the
above-mentioned conditions. The pEDM collaboration
proposes a long-term measurement with SQUID-based
BPMs and cancellation with Helmholtz coils [2].
3.2 Longitudinal and vertical magnetic
fields
A 1nT static longitudinal magnetic field can be generated
by a 25 mA current passing through the center of a 300m
long ring as shown in Figure 4.
In the absence of the EDM and BR terms, ωR of Equa-
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Figure 4: i = 25 mA DC current at the center of the
ring induces approximately Bl = 1 nT static longitudinal
magnetic field along the beam path.
tion 5 becomes
ωR =
e
m
[
G+
1
γ
−
(
Gγ
γ + 1
)
β2
]
BLsR
=
e
m
g
2γ
BLsR.
(18)
Due to the context of the study, again we assume a small
vertical spin component. In that case, sL and sR change
sinusoidally. Assuming a longitudinal spin at the begin-
ning of the storage, the longitudinal and the radial spin
components are given as
sL(t) = cos(ωat),
sR(t) = sin(ωat).
(19)
Even at the magic momentum, the horizontal spin compo-
nent of the particle grows by ωa, if there is a vertical mag-
netic field. The longitudinal magnetic field couples with
the vertical spin component and leads to some nonzero ωa
too, but this is about 6 orders of magnitude smaller than
a comparable vertical magnetic field would cause. Beside
these, the momentum spread contributes to ωa as well, by
an amount of <1 mrad/s as a requirement in the pEDM
experiment [2].
Defining k ≡ eg/2mγ = 2.2 × 108 C/kg for the pro-
ton at the magic momentum, the integral of Equation 18
becomes
sV (t) = −kBL
∫ t
0
sin(ωat)dt =
kBL
ωa
cos(ωat)
∣∣∣t
0
=
kBL
ωa
[
cos(ωat)− 1
]
.
(20)
For small ωat values, sR = sin(ωat) ≈ ωat. Then, the
slope of sR vs. t plot is equal to ωa, which is determined
by the ring design, particle momentum and the vertical
magnetic field. The simulation with a 50 pT vertical mag-
netic field yields ωa ≈ 12.5 mrad/s (left plot of Figure 5).
This is quite a fast on-plane precession, but the conclu-
sions from this 1 ms simulation hold for a smaller ωa as
well. Substituting the values in Equation 20 gives
sV ≈ 2.2× 10
8 × 50× 10−12
ωa
×
[
− (ωat)
2
2
]
= −5.5× 10−3ωat2.
(21)
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Figure 5: The spin components as simulated for 1 ms stor-
age time with a magic particle in an electric ring. Because
of the short storage time compared to one cycle of ωa,
sR changes linearly, and sV approximates to a quadratic
function (See Equations 19 and 20). Left : 50pT vertical
magnetic field causes ωa ≈ 12.5 mrad/s on the horizon-
tal plane. Right : Having linear dependence on ωa, sV
has quadratic dependence on time. Combination of 50pT
longitudinal and vertical static magnetic fields grows the
vertical spin component up to 67 prad , matching well
with the analytical estimation.
Note that the vertical magnetic field does not affect sV
directly, but it has an indirect effect via ωa. Figure 5
shows a good agreement between the estimation at Equa-
tion 21 and the Runge-Kutta simulation. The details of
the simulation tool can be found at [7].
A comparison with Figure 1 shows that the pT level of
static longitudinal and vertical magnetic fields lead to a
nine orders of magnitude larger sV than the EDM signal
at the end of the storage.
3.2.1 Eliminating the effect of the longitudinal
magnetic field
One needs to have a 1 fT level average magnetic field in
vertical and longitudinal directions to reduce the effect to
the level of the EDM signal (nrad/s).
As Equation 18 shows, the effect of the BL amplifies
proportionally with sR. This effect can be exploited by
using a radially polarized test bunch. According to Equa-
tion 18, the spin precession rate from BL = 1 fT is
ωR = 2.2 × 108 × 10−15 = 220 nrad/s without any con-
tribution from the EDM as ~s × ~E = 0 Monitoring that
bunch with the polarimeter [8], its ωR can be frozen by
applying an inverse longitudinal magnetic field with 1 fT
resolution.
Moreover, the 90◦ phase difference between the EDM
signal and this false one (compare the Equations 3 and 20
or Figures 1 and 5) can be exploited to further filter out
the effect of BL offline.
4
4 Effect of alternating magnetic
field and the geometric phase ef-
fect
In this section, alternating field refers to the particle’s
rest frame and no time dependence in the lab frame is
considered. Alternating magnetic field can show up in a
number of ways. Figure 6 shows one case originating from
the earth’s DC field.
At first glance one may think that sinusoidal magnetic
field along the lattice averages to zero with no spin growth
effect. However some magnetic field configurations can
make sV grow with time. This is closely related to the ge-
ometric phase effect [9, 10]. It was previously pointed out
as a systematic error for storage ring EDM experiments
[11] as well as for neutron EDM experiments [12]. Figure
7 shows simulation results with vertical and longitudinal
magnetic field combinations as a demonstration.
This section aims to show the effect of the alternat-
ing magnetic field configurations. All major independent
configurations of magnetic field were studied in this sec-
tion, including combinations of two perpendicular direc-
tions (BL&BV , BL&BR and BR&BV ) with 0 and 90 de-
gree phase differences. The magnetic field in a particular
direction changes sinusoidally to make one cycle along the
ring (N = 1).
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Figure 6: While being static in the lab frame, earth’s field
is seen as an alternating field in the particle’s rest frame.
This kind of a configuration may lead to nonzero sV even
though the average field along the ring is exactly zero.
"+" and "−" signs show the direction of the field as the
particle sees it.
The notion of counter-rotating beams introduces an ad-
ditional symmetry and is useful for eliminating many sys-
tematic errors including the geometric phase effect. For
instance combination of alternating 1nT longitudinal and
vertical magnetic fields (of N = 1) with 90◦ phase differ-
ence leads to sV ≈ 40 nrad/s, much larger than the EDM
effect (See Figure 8). But unlike the EDM effect, this
sV has an opposite sign for the clockwise (CW) and the
V V V
Figure 7: sV for various cases of alternating vertical (BV )
and longitudinal (BL) sinusoidal magnetic fields. In each
case, the field makes one oscillation around the ring. The
non-magic particle had a nonzero horizontal spin preces-
sion rate (ωa) in the simulations. Left : As expected, the
vertical magnetic field alone does not lead to any vertical
spin precession. Middle: Longitudinal magnetic field cou-
ples with the increasing radial spin component to increase
the oscillation amplitude of sV . Note that < sV >= 0
since < BL >= 0. Right : Combination of the vertical and
the longitudinal magnetic fields enhances the vertical spin
precession, which in some cases does not average to zero.
counter-clockwise (CCW) beams with the sum cancelling
out.
The simulation results show several qualitatively dif-
ferent effects including the one shown in Figure 8. The
magnetic field directions and the phase difference (φ) be-
tween them determines which class the effect falls into.
It is also seen that the effect in each case either cancels
or averages out to <10 prad/s after 10 ms for 1 nT field
values.
Figures 9 and 10 show two classes obtained with radial
magnetic field. The alternating radial magnetic field can
make sV alternate at each cycle. The effect averages out
in Figure 9, but not in Figure 10. Coupling with a verti-
cal magnetic field of the same phase makes sV grow with
time. This originates from the fact that the radial spin
component is not the same when the radial magnetic field
increases and decreases. Still, the effect cancels out to
first order when the signal from CW and CCW are added
up. In each case, the average sV decreases to <10 prad/s
after 10 ms.
It is worth mentioning that in Figure 10, sV of CW and
CCW particles don’t cancel out exactly despite their sym-
metric appearance. The vertical magnetic field makes the
CW and CCW particles move on slightly different radial
positions in the ring and have different radial spin com-
ponents sR (Figure 12). This eventually causes a phase
difference between sV of CW and CCW particles, even
though the total spin precession rate averages out to neg-
ligible levels.
Finally, the simulations with vertical and longitudinal
magnetic fields of the same phase yielded ωr ≈ 15 frad/s
as seen in Figure 11. While one can argue that the ef-
fect is too small and the CW/CCW cancel each other, we
observed that unlike the other cases, ωr depends strongly
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Figure 8: Running average of the vertical spin precession
due to the combination of 1 nT amplitude vertical and lon-
gitudinal magnetic fields with 90◦ phase difference. The
plots include vertical offsets for legibility. (a) shows the
running average of the counter-rotating particles individ-
ually. Again, the fields oscillate by one turn per cycle
(N = 1). The spin precession rate of an individual parti-
cle is much faster than the EDM signal. However, the spin
direction for the counter-rotating particles is opposite to
the EDM, leading to a cancellation of sV in total (b).
on the time steps of the simulations. Therefore it seems
more like a numerical error.
5 Summary of the magnetic field
scenarios
The static and alternating magnetic fields (in the parti-
cle’s rest frame) require different treatment. The static
magnetic fields can be actively cancelled by continuous
measurement and feedback. The most sensitive measure-
ment should be made on the radial direction. The vertical
magnetic field does not affect the vertical spin component
directly, but it enhances the effect of the longitudinal field
component, which can be avoided by the help of a test
bunch of 90◦ polarization at every injection. Also, the
vertical magnetic field can be eliminated by using a BPM
similar to the case of radial magnetic field.
According to the presented simulations, a 1nT ampli-
tude of field grows the vertical spin component by less
than 10 prad/s rate, two orders of magnitude less than
the EDM signal. The magnetic field can be shielded to
this level within the present technology [13]. These re-
V
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Figure 9: Running average of sV of CW and CCW parti-
cles (a) and their sum (b). Amplitudes of BR and BL are
1nT with N = 1. The angle between BR and BL does not
make a difference. Combination of BR and BV with 90◦
phase difference also gives a similar sV . In this class, sV
of CW and CCW particles have the same value. Therefore
they don’t cancel each other. But their running averages
individually go below the EDM limit. For instance in this
simulation the total sV has a slope less than 10 prad/s at
the last 5 ms of the tracking.
sults include the geometric phase effects as well.
Table 1 summarizes the scenarios causing the spin pre-
cession rate on the vertical plane and the proposed solu-
tions. The numbers are estimated for an all-electric ring
of 50 m radius.
start
rCW
rCCW
BV
BR
Figure 12: Vertical magnetic field makes the CW and
CCW particles shift to slightly different radial positions.
This causes a change in the momentum, hence the radial
spin component.
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Figure 10: The running average of sV as obtained in the
presence of radial and vertical magnetic fields of the same
phase. The sV of CW and CCW are in the opposite di-
rection (a) but they don’t cancel exactly (b). The total
effect averages out similarly as in Figure 9.
6 Conclusions
The storage ring proton EDM experiment has several fea-
tures to control the spin precession. These features either
cancel the false EDM signal directly, or help identifying
the direction of the magnetic field for active cancellation.
An important instrument in the experiment is the simu-
latenous storage of the counter-rotating beams. The sym-
metry of their motion either makes their spins precess in
the cancelling directions or helps identifying the field.
The control over the beam polarization is another strong
feature, because the spin of the beam is insensitive to the
magnetic field in that direction. This helps identifying the
magnetic field of a particular direction.
Studying the major independent magnetic field scenar-
ios, we have seen that the related systematic errors can
be kept under control with the tools using the present
technology.
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V
Figure 11: The running average of sV as obtained in the
presence of longitudinal and vertical magnetic fields of the
same phase. The offset is shifted in the plots for legibility.
The total field is cancelled to atto-radian level. Yet this
effect is more likely a numerical error rather than being
physical.
Table 1: Summary of the major independent magnetic
field configurations. 〈ωr〉 is the average spin precession
rate. Each simulation was done with 1 nT magnetic field
strength.
Field
AC
Phase
〈ωr〉 [rad/s] Solution
DC BR n/a 0.18 Measurement and ac-
tive cancellation with
BPMs
DC BL n/a < 5.5×10−6,
proportional
to ωa
Current to be limited
to < 1mA and DC BV
to be avoided
DC BV n/a 0 Can be avoided with
BPM similar to BR
case
BV&BL 90
◦ 9× 10−9 CW/CCW cancel
BR&BV 0
◦ 3.5× 10−9 CW/CCW average
out
BR&BL 0, 90
◦ < 10−10 CW/CCW average
out
BR&BV 90
◦ < 10−10 CW/CCW average
out
BV&BL 0
◦ Negligible
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